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In the framework of a simple nonrelativistic potential model, we have previously studied the stability of a
system of two quarks and two antiquarks of identical light flavor. Here, we extend our analysis to quarks
~antiquarks! of different masses and discuss the role of heavy flavors on the stability of the system. This
analysis is performed by using a simple variational method which proved powerful in the treatment of other
few-body systems. We compare our results with other results from the literature and single out a few charac-
teristics of the spectrum of the tetraquarks. @S0556-2821~98!05811-1#
PACS number~s!: 12.39.Pn, 12.39.JhI. INTRODUCTION
The existence of exotic hadrons of the two-quark–two-
antiquarks pair type, called tetraquarks or diquonia, is a
problem which was already raised about 20 years ago by
Jaffe @1# and has been studied within the MIT bag model @1#,
potential models @2–6#, and flux tube models @7#. The MIT
bag model indicates the presence of a large number of bound
states, the potential models of a few bound states and flux-
tube models suggest instability. So far the experimental data
have not been conclusive regarding the identification of such
states in the light sector, because exotic mesons qq¯qq¯ have
proved difficult to distinguish from the many conventional
qq¯ states. But the most recent experiment in this field @8# can
revitalize the search. In Ref. @8#, it has been shown that the
data obtained from the reaction p2p!hp2p at 18 GeV/c
can be fitted to an exotic meson with JPC5121 and mass
M51370616 MeV. On the other hand, experiments are be-
ing planned to search for double-charmed tetraquarks at Fer-
milab and CERN @9#.
From now on, a light quark (u , d , or s) will be denoted by
q and a heavy one (c or b) by Q . It has already been pointed
out in the literature that the mass of the quarks play an im-
portant role in the stability of a tetraquark system @4–6#.
Chiral perturbation theory studies also indicate stability of a
tetraquark system with two heavy quarks if Q is the b quark
or heavier @10#.
In the present work, we focus on the qqQ¯ Q¯ or, equiva-
lently, the q¯q¯QQ system, the arguments being given below.
Another four-quark system with unequal masses is qq¯QQ¯ ,
which can have two distinct meson-meson thresholds mQQ¯
1mqq¯ and mQq¯1mQ¯ q . The latter is the same as for qqQ¯ Q¯ ,
because mQ¯ q5mQq¯ . It can be shown that @11#
mQQ¯ 1mqq¯ < 2mQq¯ , ~1.1!
which means that QQ¯ 1qq¯ is the lower threshold. Then,
assuming that the mass of qq¯QQ¯ is equal to the mass of
qqQ¯ Q¯ , the system qqQ¯ Q¯ has more of a chance to be bound570556-2821/98/57~11!/6778~10!/$15.00than qq¯QQ¯ and a variational solution, which provides an
upper bound, is more conclusive about its stability than for
the qq¯QQ¯ system. As an example, detailed arguments in
favor of the stability of the ccu¯d¯ system as compared to
cc¯du¯ system are given in @9#. Another important difference
between qqQ¯ Q¯ and qq¯QQ¯ systems is that in the latter, there
are meson-antimeson annihilation channels, which should
also be taken into account @12#. Thus, it is simpler to study
qqQ¯ Q¯ than qq¯QQ¯ .
The present work is closely related to that of Zouzou
et al. @4# and of Silvestre-Brac and Semay @5,6#. Its purpose
is to study qqQ¯ Q¯ systems with a simple variational method.
Our framework is a constituent quark model based on the
potential of @13#. This potential generally gives good results
both in the meson and the baryon sectors. Moreover, based
on the same potential, Silvestre-Brac and Semay made an
extensive study of the tetraquarks in a variational calculation
with a large oscillator basis for various values of the spin,
isospin, and angular momentum. Even in the first step, with 3
or 4 oscillator quanta, these calculations required a basis
varying from 10 vectors for a light system to 252 for a heavy
one @6#.
In the present paper, we explore a different approach
based on Gaussian variational wave functions of the type
advocated by Kamimura in his studies of nuclear few-body
systems @14#. A similar method is widely used in molecular
physics. Varga and Suzuki @15# have a recent publication in
this area which contains many useful references. A reason
for choosing the same potential as Silvestre-Brac and Semay
is that we can compare our variational energies with theirs.
In the calculations presented below, we show that a varia-
tional basis with five simple orbital wave functions is enough
to reach convergence for the low-spin and isosopin levels of
the nnb¯b¯ system, but to values above those given in Refs.
@5# and @6#. Thus, some important components are still miss-
ing from our wave function. The present paper presents the
theoretical framework and some test calculations. It also al-
lows us to draw some conclusions about the spin-isospin6778 © 1998 The American Physical Society
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identify the important regions of the variational space.
Zouzou et al. have shown that the qqQ¯ Q¯ system becomes
stable if the mass ratio mQ /mq is large enough. They found
that, for values of mQ /mq>20, only the 3¯3 color component
of the wave function is important. However, in their paper
they give only a schematic discussion of the effect of the
spin-spin interaction, while here we consider it explicitly.
In the next section we introduce the Hamiltonian. In Sec.
III, we construct the basis states and describe the variational
procedure. In Sec. IV, we discuss the role of heavy flavors
and, in Sec. V we present numerical results for the qqb¯b¯
system. Our study is summarized in the last section.
II. HAMILTONIAN
We choose a nonrelativistic Hamiltonian of the form
H5(
i51










where mi are the quark masses and l i
c (c51, . . . ,8) are the






















e2ri j /r0sisi , ~2.3!
where ri j is the distance between the quarks i and j of
masses mi and m j , respectively. The parameters of Eqs.
~2.2! and ~2.3! have been chosen to be the same as those used
by Silvestre-Brac and Semay @5,6# so that the variational
results given in the present paper can be compared with the
ones in Refs. @5,6#. The parameter values are given in @13#
and were determined, for a choice of the charmed quark
mass mc51870 MeV, by fitting the 1S , 1P , and 2S states of
the charmonium. Their values are
k5102.67 MeV fm, a050.0326 ~MeV21 fm!1/2,
D5913.5 MeV, r050.4545 fm. ~2.4!
In @13#, the masses mu5md5337 MeV were chosen to re-
produce the magnetic moments of the nucleon. The bottom
quark mass mb55259 MeV was obtained by fitting the Y
(1S) meson considered to have a mass of 9434 MeV. At the
time Ref. @13# appeared, only the Y (nS) mesons (n51, 2,
3, and 4! were experimentally known and the fit seemed to
be good for all these mesons. Since then, the experimental
spectrum of bottonium has been enriched and improved so
that the value of mb found in Ref. @13# underestimates the
presently known experimental mass Y exp(1S)59460 MeV.
We noticed that there is a difficulty with the parametrization
~2.4! to fit precisely both the Y (1S) and the B meson, un-
known at the time this parametrization was produced. Actu-
ally, mb55259 MeV is a bit too small for reproducing the
correct mass of Y (1S) but too large to fit the B and B*meson masses, needed below. However, we are constrained
to use the same mb as in Refs. @5,6# in order to compare our
variational solution to theirs. Moreover, in the calculated
quantity E2ET ~see Table IV!, mb appears only through Eq.
~2.3!, so that its fine tuning is not necessary for the present
purpose. We chose to study tetraquarks containing b quarks
rather than c quarks because with the parameters ~2.4!
Silvestre-Brac and Semay found that the ground state of the
nnb¯b¯ is bound, while the ground state of nnc¯c¯ is not.
Other choices of the quark Hamiltonian are possible. Re-
cently, the baryon spectroscopy have also been analyzed
within a chiral constituent quark model @16# where, instead
of one-gluon exchange, the interaction between quarks is due
to one-meson ~pseudoscalar Goldstone boson! exchange.
This makes the spin part of the quark-quark interaction to be
flavor dependent. It has been shown @17,18# that the hyper-
fine splittings and especially the correct order of positive and
negative parity states of baryons with u , d , and s quarks is
better reproduced with this model than with a conventional
one-gluon-exchange model, as the one used in this study.
Actually, there is evidence from lattice QCD that the hyper-
fine splittings in light baryons are related mostly to qq¯ exci-
tations rather than to forces mediated by gluonic fields in a
qq pair @19#. In the present paper, the aim is to explore the
variational method based on Gaussian orbital wave functions
and we choose to use the Hamiltonian of Ref. @13# for which
an elaborate solution @5,6# is available.
In the next section, we introduce internal coordinates for
four-body systems and in Sec. IV, we rewrite the Hamil-
tonian in the internal coordinate system appropriate for the
present study.
III. WAVE FUNCTION
Here, we present the orbital, color-spin, and flavor struc-
ture of a tetraquark system wave function. We suppose that
particles 1 and 2 are quarks and 3 and 4 are antiquarks. We
choose
m15m25mq , m35m45mQ , mQ>mq. ~3.1!
A. Orbital part
One can introduce three alternative coordinate systems.








FIG. 1. Three possible ways to define relative coordinates for a
2q22q¯ system. Darkened and open circles represent quark and
antiquarks, respectively.























In all cases, the fourth coordinate is R5(1/M )(miri where
M5(mi . The coordinates ~3.2! or ~3.3! are convenient in
describing the direct and exchange meson-meson channels,
while coordinates ~3.4! are handy for incorporating strongly
correlated subsystems of identical quarks or antiquarks. A
permutation (i j) of two particles i and j applied on the
above coordinates gives
~12!r5a8, ~12!r85a, ~34!r5a, ~34!r85a8,
~12!x52y, ~34!x5y, ~23!x5l, ~14!x52l,
~3.5!
~12!l5l, ~34!l5l, ~23!y5y, ~14!y5y.
Note that one can also use a coordinate system formed of the






































Let us denote by Rs the orbital part of the wave function.
The most general form with L50 is a function of six scalar
quantities expressed in either of the coordinate systems




s rr812A13s rx12A23s r8x!#5exp@2~B11s a21B22s a821B33s y212B12s aa8
12B13
s ay12B23s a8y!#5exp@2~C11s s21C22s s821C33s l212C12s ss812C13s sl12C23s s8l!# . ~3.9!These forms of the wave function allow for nonzero angular
momenta l12 or l34 in the subsystems of quarks or antiquarks
~see, for example, Tables I, II, or III!.
If Rs describes an asymptotic channel, it is convenient to
use the first or second form of Eq. ~3.9! whereas, for a closed
channel, the third form is more adequate. The reason is that,
using the appropriate coordinate system among Eqs. ~3.2!–
~3.4!, one can have a better initial choice of the variational
parameters contained in the symmetric matrices As, Bs, or Cs
of Eq. ~3.9!. But, in the practical calculations of the matrixelements, it may sometimes be convenient to express Rs in
either form of Eq. ~3.9!. This can be easily done by knowing
the transformation relations between the matrices As, Bs, and
Cs ~Appendix A!. In the shorthand notation introduced in
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s are determined by diagonalizing
the Hamiltonian ~2.1! integrated in the spin-flavor-color
space. We are, of course, interested in the lowest state, which
corresponds to n50. In the spirit of Refs. @14# and @20#, it is
important to incorporate in the sum ~3.11! all the channels
which accelerate the convergence process. This problem will
be discussed in Sec. V. Even if the Rs belonging to distinct
channels are no longer orthogonal, this does not create any
problem in the diagonalization procedure. An important ad-
vantage of the functions ~3.9! is that one can easily perform
analytic calculations for a fixed coordinate system, or by
choosing a coordinate system in the bra and another in the
ket. Our procedure of calculating the overlap ^RsuRt& , the
kinetic energy matrix elements ^RsuTuRt&, and the potential
energy matrix elements is given in Appendix B.
B. Spin-color part
In the color space, one can construct a color singlet
qqQ¯ Q¯ state by using three different couplings, conveniently
associated with the three coordinate systems ~3.2!–~3.4!. The
three resulting bases are @1#
TABLE II. Same as Table I, but for S51 and color-spin states
defined by Eq. ~3.20!.
Q¯ Q¯ qq
CS State CP SP l34
P CP SP l12
P IP
f1
1 32 02 12 3¯2 11 H01 1112 02
f2
1 32 11 01 3¯2 11 H01 1112 02
f3
1 32 11 01 3¯2 02 H01 0212 11
f4
1 6¯1 02 01 61 11 H01 0212 11
f5
1 6¯1 11 12 61 11 H01 0212 11
f6
1 6¯1 11 12 61 02 H01 1112 02
TABLE I. The lowest qqQ¯ Q¯ S50 states. The color-spin CS
states—column 1—are defined in Eq. ~3.18!. C , S , and l i j stand for
color, spin, and orbital angular momenta of the quark or antiquark
pairs. I denotes the isospin of the light quark pair, and P denotes
the permutation symmetry.
Q¯ Q¯ qq
CS state CP SP l34
P CP SP l12
P IP
f1
0 32 11 01 3¯2 11 01 11
f2
0 32 02 12 3¯2 02 01 02
f3
0 6¯1 11 12 61 11 01 02
f4
0 6¯1 02 01 61 02 01 11u113124&, u813824&, ~3.12!
u114123&, u814823&, ~3.13!
u3¯12334&, u6126¯34& . ~3.14!
The first two bases are convenient to asymptotic channels,
while Eq. ~3.14! is more adequate for closed channels. The 3
and 3¯ states are antisymmetric and 6 and 6¯ are symmetric
under transposition ~12! or ~34!.
One can use three different couplings in the spin space as
well. By coupling four fermions of spin 1/2, the total spin is
S50, 1, or 2. For S50, in each coupling, there are two





where A , S , P , and V stand for axial, scalar, pseudoscalar,
and vector mesons subsystems @2#. The definition of each
basis vector and the transformations from one basis to an-
other are given explicitly in Appendix A of Ref. @20#. There-
fore, for S50, one can introduce the following four-
dimensional orthogonal color-spin basis @20#:
TABLE III. Same as Table I, but for S52 and color-spin states
defined by Eq. ~3.21!.
Q¯ Q¯ qq
CS state CP SP l34
P CP SP l12
P IP
f1
2 32 11 01 3¯2 11 H01 1112 02
f2
2 6¯1 11 12 61 11 H01 0212 11
TABLE IV. The heavy flavor tetraquark mass E(qqb¯b¯) calcu-
lated with Gaussian variational wave functions. Column 1: spin S ,
isospin I; column 2: one Gaussian basis; column 3: five Gaussians
basis; column 4: results of Refs. @5,6#; column 6: the lowest meson-




Threshold E2ET1 Gaussian 5 Gaussians Brac-Semay
10 10 577.7 10 558.1 10 525 B1B* 298.9
01 10 802.4 10 766.2 B1B 156.2
11 10 812.1 10 774.1 10 712 B1B* 117.1
21 10 831.5 10 789.8 10 735 B*1B* 85.8






In the S51 sector, group-theoretical arguments indicate that




Their definition, properties, and the relation to asymptotic
channels are given in Appendix C. Hence, for S51, one










If the total spin is S52, there is only one spin function






Here, we restrict the discussion to light quarks of type u
and d . The heavy quarks, c or b , have zero isospin, so they
do not contribute to the total isospin. Therefore, the total
isospin of qqQ¯ Q¯ can be I50 or 1. The Pauli principle must
be satisfied in each subsystem of identical quarks ~anti-
quarks!. Then, only states of internal angular momenta l12
and l34 of adequate parity are allowed. The possible combi-
nations for the lowest tetraquark states (l50 or 1! with total
spin S50, 1, and 2 are exhibited in Tables I, II, and III,
respectively. In cases where the total orbital angular momen-
tum is LÞ0, the wave functions ~3.9! need to be generalized.IV. LOWEST STATES
Here, we restrict the color space to the 3¯3 component
only. The mixing with 66¯ is neglected because one expects it
to play a negligible role in deeply bound heavy systems @4#,
which is the case under consideration here. The appropriate
Jacobi coordinate system in such a case is Eq. ~3.4! and the
spatial part of the wave function Rs should be written in the
third version of Eq. ~3.9!.
By removing the center-of-mass motion the kinetic en-
ergy takes the form ~B4! and ~B5! which we denote below by
Tcm . Then, by integration in the color space, the Hamil-












C and Vi j
SS defined by Eqs. ~2.2! and ~2.3!. Next, it is
useful to integrate in the spin space. The lowest L50 states
can be read off Tables I–III. Note that the orbital wave func-
tions have to be symmetric in both s and s8. Using the
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SS is now given by Eq. ~2.3! with sisj removed.
Before performing practical calculations, it is interesting to
consider the limit mQ large, in the spirit of the introductory










Hence, in this limit, one has




where H0 stands for all parts of H , except for the spin-spin
part. Thus, the level with S51, I50 is expected to be the
lowest and the ordering of I51 levels can be found from Eq.
~4.5! as S50, the lowest, followed by S51 and S52 on the
top. This is indeed the sequence of levels obtained in the
studies @5,6# of Silvestre-Brac and Semay when Q5c or b
quark. These kinds of remarks can be considered as a guide
in practical calculations as presented in the following section
or in more elaborate programs, as, for example, that based on
stochastic variational methods @21,22#.
V. NUMERICAL RESULTS
In the following, we wish to test the efficiency of our
variational approach applied to the qqb¯b¯ with simple trial
wave functions. We focus on the lowest L50 states dis-
cussed in Sec. IV. In the first step we take a single Gaussian
orbital wave function of the form ~3.9!. For the 3¯3 channel,
it has to be symmetric in both s and s8. Hence, C125C13
5C2350. We take C11 , C22 , C33 as variational parameters
and minimize the energy of the S51, I50 state. The mini-
mum occurs for C11
0 5C33
0 52.9 fm22 and C22
0 518.5 fm22.
The corresponding energies E(qqb¯b¯) of the multiplet ~4.5!
are shown in the second column of Table IV.
As a second step we take a more general wave function
which is a linear combination of the form ~3.11! where all
the Gaussians have C125C235C3150. Moreover, we
choose C115C33 because the minimum for the single Gauss-
ian occurred in this situation. Also, for a single Gaussian, the
energy was not very sensitive to C22 so we keep this fixed at





0 where a is a parameter.
For the results presented in Table IV we take a52. Table IV
gives energies calculated with 5 Gaussians (n522,
21,0,1,2). There is a substantial reduction in the ground-
state energy (DE;21 MeV! going from 1 Gaussian to 5
Gaussians. We expect no further significant change in going
to more than 5 Gaussians. Values calculated by Silvestre-
Brac and Semay with a more elaborate variational approach
based on a large basis of oscillator wave functions are given
in column 4 of Table IV.
In order to discuss the stability of the qqb¯b¯ system
against strong decays, we also have to calculate the masses
of the mesons M and M 8 into which this system can decay.
For this purpose, we used the interaction of Sec. II and atwo-body wave function of the type f(r)5(cne21/2an
2
r2
where r is the relative coordinate, n is the number of Gaus-
sians and an
2 are in a geometric progression as above. With
three Gaussians we found mB55304 MeV and mB*55352
MeV, i.e., practically the same values as Silvestre-Brac and
Semay. Note that the present experimental values are mB
55279 MeV and mB*55325 MeV. In column 6 of Table
IV, we indicate the difference between the tetraquark mass
E(qqb¯b¯) and the threshold mass ET5mM1mM8. The only
bound state in our calculation is the S51, I50 state, in
agreement with Silvestre-Brac and Semay.
Our best variational energy is still about 30 MeV above
the ground-state energy obtained by Silvestre-Brac and Se-
may with the same Hamiltonian. This raises the question
about what improvements are still possible within the present
approach.
~1! We checked that the results are unsensitive to changes
in the value of a in a range 1.5–2.5. Values outside this
range were not so satisfactory.
~2! We found that introducing components in the wave
function with C11ÞC33 produced no significant improve-
ment.
~3! With more Gaussians, one can probably gain another 1
or 2 MeV or binding.
Other possibilities which have not been tried yet are the fol-
lowing:
~4! To include symmetrized components in the orbital
state with C12ÞC23ÞC31Þ0.
~5! To incorporate 66¯ channels or alternatively
asymptotic channels which are linear combinations of 3¯3
and 66¯ channels.
According to Ref. @4#, the mixing with 66¯ should be neg-
ligible in deeply bound heavy systems. Hence, ~4! seems the
most favorable possibility.
VI. SUMMARY
The results presented in Table IV show that the S51,
I50 state has a significantly lower energy than the I51
states. Equation ~4.5! used in perturbation theory predicts a
splitting of the I51 states such that the (S50,S51) split-
ting is one half of the (S51,S52) splitting. The variational
results with 5 Gaussians show a remarkable agreement with
the perturbation result. The present study predicts that the
system is bound in the S51, I50 state and is unbound in the
I51 states, in agreement with Silvestre-Brac and Semay.
The expressions given in Sec. III show that the wave
functions ~3.9! in different channels are related in a simple
way through Eqs. ~3.2!–~3.4!. An advantage of the present
approach is that a wave function with a simple angular mo-
mentum structure in one channel includes many angular mo-
mentum components when transformed to another channel.
In the present approach, some basis states can be chosen to
include correlations for one of the channels and others for
another channel. When one uses an oscillator basis, one
chooses from the beginning to work in one of the three basis
sets and all the angular momentum components have to be
included explicitly.
Our calculations illustrate the merits of the Gaussian
6784 57D. M. BRINK AND FL. STANCUvariational approach in that a substantial lowering of the
variational energy was obtained with a relatively simple
wave function. On the other hand, our variational energy for
the S51, I50 state is still 33 MeV too high in comparison
with the results of Silvestre-Brac and Semay. It remains to be
seen if the necessary additional lowering of the energy is due
to many small components or if there are one or two impor-
tant configurations which have not been included so far. A
stochastic search of the type advocated by Varga and Suzuki
@15# could be useful in locating important regions of the
variational space.
APPENDIX A
In this Appendix, we write explicitly the transformations
between the matrices As, Bs, and Cs introduced in Eq. ~3.9!.
For starting, it is useful to write the coordinates ~3.2!–~3.4!
in a matrix form as
X5S rr8
x
D ; Y5S aa8
y
D ; L5S ss8
l
D . ~A1!
Then, the exponent of Eq. ~3.9!, denoted here by Es, be-
comes
Es5XTAsX5Y TBsY5LTCsL , ~A2!
where As, Bs, and Cs are the symmetric matrices introduced
in Eq. ~3.9!, and XT, Y T, and LT are the transposes of the
matrices ~A1!.
Introducing the orthogonal matrices













we can write the second transformation of Eqs. ~3.6! and
~3.7! as













which are the desired transformations. Note that the transfor-
mation A!B!C is equivalent to A!C as it should be.
APPENDIX B
Here, we give the explicit compact form of the matrix
elements of the coordinate space part of the Hamiltonian. By
Rs we understand any of the three alternative forms of Eq.
~3.9! so that As is a generalized notation for the matrix As,




Let us generally denote by r any of the one-column ma-
trices ~A1! and introduce an arbitrary matrix M of the same
dimension as As, Bs, or Cs (333 in our case!. Then, rTMr
is of the same type as the exponent ~A2! of Eq. ~3.9!. There-








Now, suppose that the matrix elements M i j are small.
Then, making a Taylor series expansion on both the left-
hand side ~LHS! and RHS of Eq. ~B2! and keeping the linear






@det~11F !#3/2>~11tr F !3/2>11
3
2tr F .
Expression ~B3! can be used in the calculation of the ki-
netic energy matrix elements. Let us denote by ra the ele-
ments of any column matrix ~A1! corresponding to one of
the internal coordinate systems ~3.2!–~3.4!. Removing the
center-of-mass motion, the kinetic energy part of Eq. ~2.1!





For the particular coordinate system ~3.4!, the matrix mab is
















in Eq. ~B3! leads to
^RsuTuRt&526^RsuRt& tr@~As1At!21AsTAt# , ~B6!
which is precisely the expression to be used in the calcula-
tion of the kinetic energy.
Now, we give some details about the calculation of the
potential matrix elements. Let f (r1) be the orbital part of
Eqs. ~2.2! or ~2.3! where r15ri2rj for a pair i j of quarks.
Choosing the appropriate coordinate system ra among Eqs.
~3.2!–~3.4!, any orbital matrix element can be written in the
form




In evaluating the integral, the first step is to make a trans-
formation r1 ,r2 ,r3!r1 ,r28 ,r38 so that
rTAr5~r1 ,r28 ,r38!S A11 X2 X3X2 A¯ 22 0




Then, the integrals over r28 and r38 can be calculated to give
^Rsu f uRt&5S p2A¯ 22st A¯ 33st D
3/2





















st 5UA22st A23stst st U .A23 A33By integrating over the angles, this reduces to
^Rsu f uRt&54pS p2M 11st D
3/2
3E dr1r12 f ~r1!exp~2ystr12!. ~B10!
The relevant cases for the potentials ~2.2! and ~2.3! lead to
the following integrals:















































2y !erfcS 12r02y D
1/2G .
Note that formulas of type ~B1!, ~B6!, and ~B10! can be
easily obtained for the three-particle case and generalized to
n.4 particles, whenever the Hamiltonian contains a pair-
wise interaction.
APPENDIX C
In this Appendix, we give the explicit form of the total
spin S50, 1 or two wave functions for four-fermion states,
where each fermion has spin s51/2 and sz561/2. The no-
tation for spinors is
S 10 D 5" , S 01 D 5# . ~C1!
~a! S50 case. The two-basis states uA12A34& and uS12S34&
of Eq. ~3.17! can be defined through their Young tableaux
~C2!




Their explicit form in terms of the spinors ~C1! reads @20#





























~b! S51, Sz51 case. The three independent basis vectors
are the three Young-Yamanouchi-type states @23#
~C8!


















~"#""2#""" !, ~C9!where the lower index in u &1 stands for L51. For the per-
mutation properties of Eq. ~C8!, it follows
~12!x15x1 , ~12!x25x2 , ~12!x352x3 ,
~34!x152x1 , ~34!x25x2 , ~34!x35x3 .
~C10!




A2Fx21 1A2 ~x12x3!G5 1A2 ~""#"2#""" !,
uV13P24&52
1









and for the exchange channel, the basis
uP14V23&52
1
A2Fx22 1A2 ~x11x3!G5 1A2 ~"""#2#""" !,
uV14P23&52
1









~c! S52, Sz52 case. This is a trivial case, it has a single
basis state
xS5"""" . ~C13!







^xSusisjuxS&51 for i, j51,2, . . . ,4.
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